Distances in random Apollonian network structures
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[ Motivations ]

High school friendship
[James Moody,
Race, school integration, and friendship segregation in America,
American Journal of Sociology 107, 679-716 (2001)]

Real-world graphs have very different properties than those of random graphs (e.g.
Erdos-Renyi): the degree distribution follows a power law, the mean distance is very

Internet
[Hal Burch and Bill Cheswick, Lumeta Corp.]

small, etc.|2]

[ Definitions ]

A random Apollonian network structure (RANS) R is recursively defined as:
A either an empty triangle,

or a triangle T split in three parts, by placing a vertex v
inside 1" and connect it to the three vertices of the triangle;
each sub-triangle being substituted by a RANS.

O(R) ={01(R),05(R),O3(R)}: the three vertices of the outermost triangle of RANS R.
d(v,w): length of shortest path joining v to w.

Ternary trees
Degree distribution: P(k) ~ (g)k L—3/2
Square-root, distance

Increasing ternary trees
Degree distribution: P(k) ~ k™7
Logarithmic distance
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_[ Theorem 1 ]

Given R a RANS of order n and v a random wnternal vertex of R, the distance
from v to O1(R) has a Rayleigh limit distribution.:
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Pr(d(v, O1(R)) = x+/n) = C\/ﬁ

and a mean value of @\/ﬁ + 2+ O
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P[Theorem 2]

Let R be a RANS of order n and v, w two random vertices of R, the distance from
v to w has mean value
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Bower(d(v, w)) = Z=vn+ g3+ — 7n T Timsoarn T O )

Proposition ]

Multivariate generating function:

_ E : k1, ko ki n
Td(Z, U, ... ,Ud) = Tk, kg U™ oo Uy 2y Tnky,.. kg
=#{R € R, | k; vert. dist. j from O, }.

Recurrence relation:
Tu(z,us, ... uq) =1+ 21 T35 (2, uy, . . ., ug) (1 + zuo

1
(1 —zuaT? (2, u,. .. aud>>3)

and T1(z,u1) = 14+ 21Tz, u)Tp(2)  with  Tp(z) = T(2).

[Lemma]

Generating function for the number of vertices at distance 7 from Ox:
Di(z) = a%l-Ti(zv ULy - o e s Uy) T Yo kirn g 2"

u;=1Y
D; express as a function of z and T'(z):

(1 22T(e)) |
D;1(z) = H'(2) x 6T ()1 = 2:T2(2)) for ¢ > 2
where H(2) =1 —2/1—2/p+3(1—2/p)+(1—2/p)*? +O((1—z/p)*), p = 4/2T

[Sketch of proof ]

The full singular expansion of D;(z) can be derived from its expression in terms of H
and Ds. Thus the proportion of vertices at distance ¢ from Oy, that is n—lTn[z”] D;(z) can
be evaluated:

- anz”]Dz(z) = —["JH (=) Da2).

Pr(d(v, O1(R)) = 1) nT,

The result follows from theorem IX.16 (Semi-large powers) of [1]: the singular exponent

1/2 for H(z) implies a Rayleigh distribution for k = x+/n.

Pr(d(v, O1(R)) = k)
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Rayleigh distribution
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[ Definitions ]
Distances to one or two or three outermost vertices:

Ag(R) =) d(x,0:(R)), Aa(R) =) dx,{0:(R),0xR)}), Ag(R)=) dlx,OR)),

reR zeR zeR

[ Proposition ]

Multivariate generating function:

Az, do, do,dg) = Y dy?Wdg? P aisWAm = N~ a, o didldh 2",
ReR n,i,7,k=0

with oy ;6 = # RANS of order n| Ap =i, Ao = j, Ag = k.

Recursive equation:
A(Z, do, do), d@) = 1+ zdpdads X A(Zd@, do), ds), d@)

X A(Z, d@, d@d@, 1)
X A(Z, d@d@, d@, 1).

[Families of pairs of Vertices]

size mean dist. size mean dist.

A interdistances n? Vn A intradistances n3/? Vn

Top level:

[ Intradistances ]

0(z) = 2(3 + Ag(S1(R)) + |S1(R)
+ Ag(52(R)) + [S2(R)

(R)) + |Ss(R)[) 27
= 3T (2) + 32T%(2) As(2) + 32°T*(2)T"(2)

Recursively:

Intra(z) = 8(z) )

T(z)

[2"]Intra(z) 1 2
2" T(z) 44

~ 3203(2)T'(2)/T(2) =

[ Interdistances ]

Top level:

Y7 (2) =3 Aus(Si(R)) X (|S2(R)] +|S5(R)[) 27!

= 62°T(2)T'(2)As(2)
Recursively: - P /i
Inter™(z) = 7_(Z)T3((z)) — 60 (2)22T"2(2) )T (2) = z [L%;EZ)(@ N 2_27Tn2 n




